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ARE CHAIN-COMPLETE POSETS CO-WELLPOWERED?
J. JURKA AND J. ROSICKY´
Abstract. We show that the category CPO of chain-complete posets is not co-
wellpowered but that it is weakly co-wellpowered. This implies that CPO is nearly
locally presentable.
1. Introduction
The category CPO of chain-complete posets is one of typical examples of a co-
complete category which is not locally presentable (see [1] 1.18(5)). The recent paper
[4] claims that this category is nearly locally presentable. This claim suffers from a
wrong expectation that CPO is co-wellpowered, i.e., that every cpo has only a set
of quotients. We show that this is not true but that CPO is weakly co-wellpowered
which means that every cpo has only a set of strong quotients. This is enough for
justifying that CPO is nearly locally presentable.
Let us recall that a chain-complete poset is a poset where every chain has a join.
One often calls them complete partial orders, briefly cpo’s. Morphisms in the category
CPO of cpo’s are maps preserving joins of chains. We will call these morphisms cpo
maps. Every directed subset of a cpo has a join and morphisms of cpo’s preserve
directed joins (see [1] 1.7). Since we allow empty chains, every cpo has the smallest
element 0 and cpo maps preserve 0. The category CPO is complete and cocomplete
(see [3]), and coproducts are disjoint unions with the smallest elements identified.
2. CPO has a strong generator
A set G of objects in a category K is a generator provided that for each pair
f, g : A → B of distinct morphisms there exists an object G in G and a morphism
h : G→ A such that fh 6= gh. A generator G is called strong provided that for each
object B and each proper subobject of B there exists a morphism G→ B with G in
G which does not factorize through that subobject.
Remark 2.1. (1) Monomorphisms in CPO are precisely the injective cpo maps and
isomorphisms are precisely the order-reflecting bijections. This means that proper
subobjects in CPO are precisely the injective cpo maps that are either not surjective,
or they are surjective but not order-reflecting.
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(2) Two-element chain 2 is clearly a generator in CPO. But it is not strong
(as claimed in [4]). Indeed, consider a three-element cpo A with two incomparable
elements 1 and 2 (and the smallest element 0). Let 3 be the three-element chain
0 < 1 < 2. Then the identity id on {0, 1, 2} makes A a proper subobject of 3 but
every cpo map 2→ 3 factorizes through id.
Lemma 2.2. Three-element chain 3 forms a strong generator in CPO.
Proof. Obviously, 3 is a generator. Suppose that f : A→ B is a proper subobject in
CPO. If f is not surjective there exists an element b ∈ B − f [A], and thus the cpo
map 3→ B sending 1 and 2 to b does not factorize through f . If f is surjective but
not order-reflecting there exist elements a1, a2 ∈ A incomparable in A but a1 < a2 in
B. Then the cpo map 3→ B sending 1 to a1 and 2 to a2 does not factorize through
A. 
3. CPO is not co-wellpowered
Definition 3.1. Let X ⊆ A be a subset of a cpo A. A closure X of X under directed
joins is the smallest subset of A that is closed under directed joins and contains X .
Remark 3.2. The directed join closure of X ⊆ A can be constructed by transfinite
induction as follows:
X0 = X,
Xα+1 =
{∨
Y | Y ⊆ Xα is directed in Xα
}
,
Xα =
⋃
β<α
Xβ for each limit ordinal α.
It is obvious that X = X|A|+.
Remark 3.3. Every cpo map f : A → B has a factorization f = m · e through
C = f [A], where the partial order on the cpo C is inherited from B, m : C → B is
the inclusion, and e : A→ C is the codomain-restriction of f . This factorization was
observed in [5].
Lemma 3.4. A cpo map f : A→ B is an epimorphism in CPO if and only if B is
the closure of the image f [A] under directed joins.
Proof. Sufficiency is evident. To show necessity, suppose that f [A] 6= B. Let f = m·e
be the factorization through C = f [A] from the previous remark and let g, h : B → D
be the cokernel pair ofm : C → B. Then g and h differ on each element of B−C 6= ∅,
therefore g 6= h. Furthermore, g · f = g ·m · e = h ·m · e = h · f . 
Remark 3.5. (1) Epimorphisms in CPO are not given by a one-step closure under
directed joins (which was claimed in [4]). Indeed, consider the inclusion
ι : (N× N) ∪ {0} → ((N ∪ {+∞})× N) ∪ {+∞} ∪ {0},
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where the non-zero part of the domain is partially ordered as an antichain, and the
(N ∪ {+∞})× N part of the codomain is ordered as follows: (m,n) ≤ (m′, n′) if and
only if n = n′ and m ≤ m′, or n ≤ n′ and m = m′ = +∞. Furthermore, +∞ is the
greatest element of the codomain. This inclusion is obviously an epimorphism but
one needs a two-step closure under directed joins to justify it.
(2) The factorization in 3.3 is the (epimorphism, strong monomorphism) one.
Strong monomorphisms m : C → D are those cpo maps having the diagonalization
property w.r.t. epimorphisms, which means that every commutative square
A
u
//
e

C
m

B
v
// D
where e is an epimorphism has a diagonal d, i.e., de = u and md = v. Moreover,
strong monomorphisms are precisely cpo embeddings.
Proposition 3.6. CPO is not co-wellpowered.
Proof. We will show that the coproduct ℵ0 · 2 of countably many copies of 2 has
a proper class of quotients. We will construct a proper class Kα, α ∈ Ord, and
injective epimorphisms fα,β : Kα → Kβ, 0 ≤ α < β ∈ Ord such that fβ,γfα,β = fα,γ,
0 ≤ α < β < γ and every Kα has a set of maximal elements Xα such that |Xα| = ℵα.
We put K0 = ℵ0 · 2 and in limit steps we take colimits. Assume that we have Kδ
and fα,β for 0 ≤ α < β ≤ δ. Following [2] 2.8, there is a family F of subsets A ⊆ Xδ
such that |F| = ℵδ+1, |A| = cof ℵδ for every A ∈ F and |A ∩ B| < cof ℵδ for every
distinct A,B ∈ F . Let Kδ ⊆ Zδ+1 where we order every A ∈ F as a chain cof ℵδ and
let Kδ+1 be the cpo generated by Zδ+1 – this means that we add joins xA of chains A
for A ∈ F . Since |A∩B| < cof ℵδ, xA 6= xB for A,B ∈ F . Put Xδ+1 = {xA|A ∈ F},
A ∈ F and let fδ,δ+1 : Kδ → Kδ+1 be the inclusion. Using the previous lemma we see
that each fδ,δ+1 is an epimorphism. From this it follows that each fα,β , where α < β,
is an epimorphism. 
4. CPO is weakly co-wellpowered
Strong epimorphisms are cpo maps e : A→ B having the diagonalization property
w.r.t. monomorphisms, which means that every commutative square
A
u
//
e

C
m

B
v
// D
where m is a monomorphism has a diagonal d. Since CPO has pullbacks, strong
epimorphisms and extremal epimorphisms coincide, see [1] 0.5 and [3]. Recall that
4 J. JURKA AND J. ROSICKY´
an epimorphism e : A→ B is extremal if every monomorphism C → B through which
e factorizes is an isomorphism.
Remark 4.1. CPO has non-extremal epimorphisms because id in 2.1(2) is both an
epimorphism and a monomorphism but not an isomorphism.
Definition 4.2. A category is called weakly co-wellpowered if each of its objects has
only a set of strong quotients.
We are going to show that CPO is weakly co-wellpowered. The key is the following
lemma.
Lemma 4.3. Let κ be a cardinal, let {Aα | α ∈ Ord} be a class of cpo’s, and let
{fα,β : Aα → Aβ | α ≤ β, α, β ∈ Ord} be a class of cpo maps such that fβ,γ ·fα,β = fα,γ
for all ordinals α ≤ β ≤ γ and fα,α = idAα for each ordinal α. Moreover, let
A0 = κ · 3 be the coproduct of κ many copies of 3, for each ordinal α let fα,α+1 be a
coequalizer of a pair of morphisms whose domain is 2, and for each limit ordinal α
let Aα = colimβ<αAβ. Then for each ordinal α the cardinality of the cpo Aα is
(i) bounded above by 2κ if κ is an infinite cardinal, and
(ii) bounded above by 2κ+ 1 if κ is a finite cardinal.
Proof. If κ is a finite cardinal, then for each ordinal α the cpo Aα obviously has
cardinality bounded above by 2κ+1 because A0 has cardinality 2κ+1. Now suppose
that κ is an infinite cardinal and α is an ordinal. The elements of Aα can be viewed as
equivalence classes. We call an element of Aα an old element if it has a representative
from A0, and we call an element of Aα a new element if it doesn’t have a representative
from A0. If a is a new element in Aα, then we will denote
O(a) := {b ∈ Aα | b < a and b is an old element}.
We are going to show the following two properties.
(1) For each pair a, b ∈ Aα of new elements, if O(a) ⊆ O(b), then a ≤ b.
(2) For each pair a, b ∈ Aα of new elements, if O(a) = O(b), then a = b.
From the second property we can conclude that the cardinality of Aα is bounded
above by 2κ + 1 + 22κ+1 = 2κ, and this will finish the proof. It is obvious that
(2) follows from (1). Thus, let us prove (1). Each representative of a new element
a ∈ Aα was added in the construction in some γa-th step, where γa is a limit ordinal
such that ω ≤ γa ≤ α. Let βa be the least such limit ordinal γa. We will perform
a transfinite induction with respect to the limit ordinal βa. Suppose that βa = ω.
Then the element a was added in the construction as a join of a directed set Da such
that each element of Da is an old element. Hence, if O(a) ⊆ O(b), then b is an upper
bound of Da, which implies that a ≤ b, since a =
∨
Da. Now suppose that (1) was
already shown for all new elements a′ ∈ Aα that satisfy ω ≤ βa′ < βa ≤ α. Let Da
be the directed set such that a was added as a join of this directed set in the βa-th
step. Suppose that O(a) ⊆ O(b). Then we know that b is an upper bound of the
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set of old elements of Aα that belong to Da. Let a
′ be a new element of Aα that
belongs to Da. It is obvious that O(a
′) ⊆ O(a) ⊆ O(b). By the inductive hypothesis,
we obtain a′ ≤ b. Thus, b is an upper bound of Da, which gives us that a ≤ b, since
a =
∨
Da. 
Theorem 4.4. CPO is weakly co-wellpowered.
Proof. Since CPO is cocomplete, every cpo is an extremal quotient of a coproduct
of copies of 3 (see [1] 0.6). Thus it suffices to show that, for each cardinal κ, the
coproduct A0 = κ · 3 of κ many copies of 3 has only a set of of extremal quotients.
Let e0 : A0 → A be an extremal epimorphism. Perform the transfinite construction
from the proof of [4], Lemma 4.2, for e0 : A0 → A using the ordinal 2 as a generator.
This means that we construct cpo maps fαβ : Aα → Aβ from 4.3 and cpo maps
eα : Aα → A such that e0 = eα · f0α. From 4.3 we know that this construction stops.
Hence, there exists an ordinal α such that eα : Aα → A is an isomorphism. Therefore,
again from 4.3, we obtain that A has cardinality bounded above by 2κ if κ is infinite,
and bounded above by 2κ + 1 if κ is finite. This implies that A0 has only a set of
extremal quotients. 
Remark 4.5. The results obtained above allow us to conclude that the cat-
egory CPO is nearly locally ℵ0-presentable. Indeed, it is cocomplete, weakly
co-wellpowered, and the ordinal 3 is a nearly ℵ0-presentable object that forms a
strong generator in CPO.
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